ON THE SIZE OF CERTAIN NUMBER-
THEORETIC FUNCTIONS

BY
WM. J. LEVEQUE(")

1. Summary of results. Let p denote a prime number, 7 and n positive
integers, and w, w1, ws real numbers. Let f(m) be an additive number-theoretic
function, so that f(mn) =f(m)+f(n) if (m, n)=1. Suppose that f(p") =f(p)
and |f(p)| 1. Then clearly f(m) = > ,1m f(p). Let

1/2
4= fD)/p  Bu= (pgﬁ(p)/p) ,

<n

1 @
D(w) = f =12y,
@2z _,

and assume that B,—» with #n.

Erdss and Kac [7](2) have proved the following theorem: The number of
m = n for which f(m) <A .+ wB, is nD(w)+0(n), as n— . The present paper
is concerned with the proofs of a number of related results. In §2 there is
given a simpler proof of the special case of the above theorem in which f(m) is
taken to be v(m), the number of distinct prime divisors of m. The simplifica-
tion lies in that part of the proof using Brun's method; the central limit
theorem from the theory of probability is still used. Moreover, the error term
is improved, the term o(#n) being replaced by O(zn log; n/(loge 7)'/4). (The sym-
bol log, # will be used throughout to denote the kth iterate of log ©.)

It is shown in §3 that a similar reduction of the error term can be effected
in a theorem of Kac [11], which says that the number of m < for which

d(m) < 21o0gz n+w (logy n)‘/2

is nD(w)+o(n). Here d(m) is the number of divisors of m.

It is probable that the error is actually O(n/(logs #)'/2), but this result
cannot be obtained without essential modification of the method used here.

§4 is devoted to a proof that f(m), f(m-+1) are statistically independent,
with Gaussian distribution. This was stated without proof by Erdss [6].

In §5 this theorem is applied in proving that the number of m <# for
which »(m) <v(m+1)+w(2 log; 7)'2 is nD(w)+o(n). By the method of [11]
it follows that the number of m =z for which
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d(m) < 2¢@ oam gy 4 1)

is also nD(w)+o(n). These results are generalizations of theorems proved by
Erdés [4]; these theorems are obtained by putting w=0:

The density of integers m for which v(m) <v(m+1) is 1/2.

The density of integers m for which d(m) <d(m+1) is 1/2.

The following remarks might serve to orient the reader not already
familiar with theorems of the above type. Let f(m) be additive, and denote
by N(c, n) the number of m <# for which f(m) <c. The function ¥(c) is called
the distribution function of f(m) if Y(— »©)=0, Y(w)=1, and if for every
finite c,

¥(c) = lim N(c, n)/n.
n—o

Thus if f(m) has a distribution function, ¥(c) is, for fixed ¢, the density
of integers for which f(m) <c. Clearly not every additive function has a dis-
tribution function, since f(m)=log m has none. Erdés and Wintner [8]
showed that a necessary and sufficient condition for the existence of a
distribution function is that both the inequalities

’ 4 2
ST L xS
» P » ?
hold, where f'(p) =f(p) if If(p)] =1 and f’(p) =1 otherwise. Hence if either
or both of these inequalities fail to hold, we must adopt a different approach;
instead of speaking of the density of integers with a certain property we esti-
mate the number of integers which are less than # which satisfy a certain
condition, and this condition itself depends upon #. This leads, for example,
to the theorem of Erdss [5] that the number of m<n for which v(m)
<log log 7 is n/2+0(n). The extension from this theorem to that of [7] cor-
responds, in the case of a function which has a distribution function, to an
extension from a theorem giving its value for some particular ¢ to one ex-
hibiting the entire distribution function.

For use in §4 we now state a theorem of J. B. Rosser and W. J. Harring-
ton [14] which exhibits a result obtained by the use of Brun’s method. It
may be put in the following form:

THEOREM A. Hypotheses:

(a) A, Q are absolute constants.

(b) %k, q1, g2 -+, gr are positive integers relatively prime in pairs; a;
are integers with 0 <a; <gq: for 0<i<T; a;; are integers, 1 <i<T, 1<5jSa,
such that for j %k, a;;j#£aq (mod ¢;); f is a function having an integral value for
integral argument; Ny(k) = D_g(m), where the summation is over all integers m
such that simultaneously m satisfies some fixed condition independent of t, k, I,
gi, @ij, Qi, AN
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- f(m) =1 (mod ),
f(m) # a:; (mod ¢), 12i24125%5 aa

(c) For 0<t=T, Ny(k)=0.
(d) There are X, C>0, independent of k, such that if we define F.(k)
=(X/k) I1ias (1 —ai/qs), then | No(k) — Fo(k)| <C for all k, I.
(e) 1<g< - - - <qr.
(f) We have chosen t, Y such that ¢: < Y.
(g) Thereis an q, 0 <n <1, such that for some xg, 103 <x <eloe ¥ gpnd
a; log ¢; A log x

2 —Qlogzx| <

g‘§z qi (logg x)2

for x> x,.
(h) Foralli,0<a;/q:i<v<1, v a constant.
(i) 0.003eQ log: Y =2.
(G) We have chosen w such that 1 <w, eQ log w=3(1—9)/2.
(k) We are using the abbreviations

tooy 364(1 —v) + 94 04?2 364
Z=Zg—; W = ( v) Q+ s = — .
' =1 i (1 —v)log: ¥ Qlog wlog, ¥

(1) Z=4Q(log: V)/3. |
(m) We have chosen n an odd positive integer =2.
Conclusion:

eW+2z+2
Ni(k) < Fi(k) {1 - (=1 (2xn)ti%em(4 — w?(eQ log w)z)/4}

,

X — 2 (40e10g: 1)/3
—_ (=1 —_— og
E 4Qlog ¥ oo

— (= 1)"CY w12 w-1)gZ,

With the same hypothesis except that in (m), “odd” is replaced by “even,”
the conclusion holds with “ <” replaced by “=".

In many applications of Brun’s method the function g of (b) is defined by
g(m)=1; in these cases N,(k) is simply the numbers of integers in a certain
range having specified divisibility properties. The ¢'s are frequently taken to
be the successive primes.

.2. The order of »(n). The principal result of this section is contained in
the following theorem:

THEOREM 1. The number of positive integers m <n for which
» v(m) < log: n + w(logs #)1/2
is nD(w) +O(n logs n/(loge n)'/4).
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As was pointed out in §1, this can be regarded either as a special case of
the main theorem of [7] or as an extension of the principal result of [5S].
The proof follows the lines of the latter paper; we shall preserve the notation
used there, making the following definitions:

1. T denotes the closed interval {log® z, ntosz m~*},

2. v’(m) the number of different prime factors of m which lie in T,

3. q1, g2 * - -, ¢» symbols for the v primes ¢q of T,
4. a,, as, + - -, the integers whose only prime divisors are g¢'s,
5. a®, ad, . . . the integers whose factors are powers of k different ¢’s

(k<2 logz n),
6. A(m) the greatest a; dividing m,
7. Ui the number of integers m =< for which 4(m) is an a(®,
8. ¢, ¢z, - - - absolute constants,

9. x_qu/q
It is known [13, p. 102] that ) ,g, 1/p=logs y+C+0(1/log y); since

X= D pcntonm1/p— D p<iops » 1/, it follows that
1) x = loga n — 4 logs n + O(1).

LeMMA 1. The number of integers m <n for which v(m) -’ (m)> (logs n)1/4
is O(n logs n/(loge n)'4). .

We have (see [9, p. 355]),

Lw-sw - 2[2] - 3[2]

n n
_p§§¢‘ n [7] + n(l"u");<p§n [7]
<n ¥ Liax

pSlogdn P psn P
1 -
—-_n —_ + ”(logg n)
p<n(logz )3 P

= n{logs n + logs n + 3 logs n — logs n + o)}

= O(n logs n),
and similarly,
» 1 1 1
> (m)—vm))>n > —+ny ——mn > ——log’n—n
m=1 pSlogdn P p5n P pSn (ogz w2 4
= O(n logs n).

Hence the number of integers m <# such that
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v(m) — v'(m) > (logs n)!/4
is
O(n log; n)
(loga w1+~
which gives the lemma.
LeMMA 2. We have
xk 3 1 xk

<3

< —
k!l logsn s a® k!

)

where the dash on the summation means it is extended over the square-free a®
only.

The proof is as in [5].

LemMA 3. Ur=ne=x*/k!4-0(n/logs n).

The proof is as in [5].

LEMMA 4. The number of integers m S n for which v'(m) <loge n+w(logs n)1/2
is nD(w)+0(n logs n/logs n).

Clearly »'(m)=v(A(m)). Let us first consider the number of integers
m <n for which »'(m) <x+wx/2; this is

Us.
k< 24w zl/!

We put y=x+wx'/2. By Lemma 3,

S Ur=mne=y, icf+0(——n—2'——).

k<y <y k! log? n

It is known [1; 10] that there is a constant c; such that

k

e~ Y = D

5]
< —
k<ztos? k!

x1/2

and consequently

- © 1/2 ny
@ E; Ui = nD(w) + O(n/x'1?) + 0(10gs n)

= nD(w) + O(n/x/?)

since x~log: n.
We now consider the integers m <# for which

x + wxl/?2 < V' (m) < log: # + w(loge #)1/2
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Since x*/k! assumes its maximum value for k= [x], we see by Lemma 3 that
the number of integers m <# for which »'(m) ==k is at most

x* n Can
3) ne*—-40 <—-

x! log n x1i2

Hence the number of m < for which x +wx'/2 <y’(m) <logs n +w(log, n)/?
is at most

Cah
— ((logs # — x) + w((logz n)1/2 — x1/2)),
x1/2

By (1), this is

n logs n n logs n
oLyl + )=o)
xl/? (logz m)1/% + w1/ (loge m)1/2

This together with (2) completes the proof of the lemma.
We come now to the proof of the main theorem. By Lemma 4, we have
only to prove that the number of m <# for which

v'(m) < logs n + w(logs n)1/?

and
v(m) = logs n + w(logs n)1/?

is O(n logs n)/(logz n)V4).
We divide these integers into two classes; in the first class are those for
which

v'(m) < loge n + w(loge n)/? — (logs n)1/4,
of which there are O(zn logs n/(logz #)1/4) by Lemma 1, and those for which
logs 7 + w(logs #)1/2 — (loge #)1/4 < v'(m) < logs n + w(logs #)1/2,

and on account of (3) there are only

0w 35) = e )

of these. This completes the proof of the theorem.
3. Application to d(m). We now prove the following theorem.

THEOREM 2. The number of integers m < n for which
d(m) < 2los2 n+w (loge n)U2
is also nD(w)+O0(n logs n/(loge n)1/4).
Let k.(w) be the number of m <n for which v(m) <logs n+w(logs n)V/2,
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ra(w) the number of m=n for which d(m) <2l el »"  and p(n)
the number of m <# for which d(m)/27m < 2¢oss »"* Then we have, as in [31,
ka(w — € — (n — p(n)) = ra(w) £ ka(w),

for every ¢>0. On account of Theorem 1, we have only to show that

n logs n
k,,(w - e) = k,.(w) + O(W)

and that
n logs n
- =0 —=2"
n = p(n) ( (logs n)Y/ 4)
for suitably chosen e.
We define
1 if klm
pulm) = {o it Bt m

Then clearly
d(m) = I1 (1 + pp(m) + ppa(m) + - - -),

27 = T] (1 + py(m)).

Since
1 1
——— = 1= —p,m),
1+ p,(m) 2
we have
d(m)
2v(m) »

H{(l - %p”(m)) (1 + pp(m) + pya(m) + - - - )}
I;[{l + pu(m) + ppr(m) + « -+ — py(m) — %pp'(m) .. }

1
= TL{t+ 5 osm) + - oplm) 4 -

Multiplying out, we get

d(m)
Zr(m)

pi(m)
27(k) !

=14 3*

where the asterisk indicates that the summation is extended over all k which
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are such that if pl k then p’l k, for every p. Hence

pYRL S >

and we represent this convergent series by 2*, so that

Z———< n(1 4+ 2%).

mey 27(m)

Now if there are u integers m such that 0 <m <# and

d(m)
e(logg n)U/2
Py > 2 1] ,
then
. dlm
> 25(”)) >0 = p o pe2eton
1
hence

n— p+ p-2eom W < (1 4 3¥),

from which we get

nz*
K < 20(1033 mVa_ 1 )
Consequently
2*
p(") =n—u> n(l bl "—'—2‘(1“’ ”)l/_g — 1)’
and so ’
%
- p(n) <

2¢(lo¢g n)m -1 :
We now take

log; n
- log 2 loge n
and get

nz* ‘nlogs n
n— p(n) < = O( )
logon — 1 (logs m)1/4

Finally, it is clear that

1
*
Cor(m) 2'(»[ ] <mnt+n) £-20 B

447
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logs
kn(w = €) = kn(w) + O(en) = kn(w) + 0( (;zogozgn)’:/4).

Thus we have proved Theorem 2.
4. A general theorem. We shall now prove the following theorem.

THEOREM 3. Let f(m) be a strongly additive function, that is, f(mn) =f(m)

+f(n) if (m, n)=1 and f(p*) =f(p). Suppose that |f(p)| <1 for all primes p.
Let X, f3(p)/p= =, and let wy, we be any real numbers. Then the number of
positive integers m <n for which simultaneously

f(m) < An + O)an and f(m + 1) < An + wZBm
where Au= 2 psn f(0)/b) Ba=(2Lpsnf*(0)/P)"?, is n-D(w1) D(ws) +o(n).

The argument used in the proof is a direct extension of that used in [7].

LEMMA 1. Let fi(m) = D pim.p<t f(P). Then denoting by &; the density of
positive integers for which simultaneously
film) < A7 + 1By, film + 1) < A; 4+ wsBy,
one has lim~w 8; = D(w1)D(ws).
Let

_ i) i plnm,
pa(n) = { 0 if phn

Then clearly
film) = 3 py(m).

»<t
We divide the proof into two parts.
I. The functions ap,(m)+bpy(m—+1), where a, b are any fixed constants,
not both zero, are statistically independent. To prove this, it suffices to show
that

M{eZpeptarn(mtbo(mi)} = TT M{eiterntm+bop(mtin}
»EP

where M { t(m)} =liMp.e 2%, t(m)/n, and P is any set of primes all less
than /. We give the proof only for the case where P consists of two primes p
and g¢; the argument is no different in any essential respect in the general
case. We prove then that

M { e(app (m)+bpp (m+1)+apg(m)+bpg (m+1)) } .

4)

= M {eitar(m+bop(mt1) L. I { gitapa(m)+opg(mt1)) |

Clearly,
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ioa 1

iommm = 1 4 ps(m),

where a=f(p), and similarly for e#s™. Hence the left side of (4) is

eiaa —_ 1 eiba —_— 1
M{(l + p,,(m))( 1+ po(m + 1))
a o
(1+"M_ Lo ))(1 L +1))}
. — py(m o\m .
ra 5 p
Let us put

eiaa —_ 1 eiba — 1 eiaﬂ — 1 eibﬂ — 1

» = By, = Adg = B,;

a a B B8
then the product in the braces is, since py(m)pp(m+1) =0,

(1 + Appp(m))(1 + Bopp(m + 1))(1 + Agpo(m))(1 + Bypo(m + 1))
= (1 4+ Appp(m) + Bppp(m + 1)) (1 + Agpo(m) + Bopg(m + 1))
=1+ Appp(m) + Bppp(m + 1) + Agpg(m) + Bepg(m + 1)
+ ApAqpp(m)pg(m) + BpBopp(m + 1)pg(m + 1)
+ ApBopy(m)p(m + 1) + A Brpg(m)py(m + 1),

and the mean of this expression is

14 aAp/? + aB?/P + BAq/q + BB./q + (aB/pq9) (A4, + B,B,)

m=1 n—o N mel

+ A,B, hm Z Pp(m)Pq(m + 1) + 4,Bp lim — Z po(m + 1)py(m).

Wé have

af if m =0 (mod p) and m = —1(modq),

pa(m)po(m + 1) = {0 otherwise.

The general solution of the pair of congruences m =0 (mod p), m = —1 (mod q)
is m=mo+ipg, where m, is the smallest positive solution, and there are
1+ [(n—mo)/pq] solutions less than #. Hence

po(mpg(m + 1) = (1 + [" ;q"’”]) a8,

and since 0 <m,<pq,

c‘?[f;] Zﬁpp(m)pq<m+ <+ +aﬂ[m]

m=1
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so that
R . afA,B
ApB, lim — Z pa(m)p(m + 1) = -
n—o N pm=1 pq
Similarly,
B . ' aBA B
A B, lim — 3 po(m + 1)p (m) = ——= .

70 N el
Therefore, the mean of the left side of (4) is
1+ ad,/p + aB,/p)(1 + B4,/q + BB,/q),

and this is obviously the same as the mean of the right side.
II. We can now prove that

M { et U1(m—AD BrrinGi(mtD—AD Bt} —y o= E+i') /2

as l— ». For clearly
M {eitU1(m—4n BirtinGi(m+1)=41) [B1}
®) . .
= (—iAIBD () M { g GIBD G1(m)+af1 (mt1) }s
ei&f1(m) |Bitaf1t(m+1)/Bl) = @i(§Z, ey (m)Bi+aZ, 540, (m+1)/BY)

= [ eittep(m)iBrtan, (mt1)1BD),
pSl

Hence
M { e @m Bl i(mt) 1B = M{ II ei(#p,(m)/B:ﬁp,(mﬂ)/Bz)} ,
»Sl
and since by I the numbers £p,(m)/B;+np,(m+1)/B; (p <I) are independent,

this is ‘

II M{e«ep,(m)/Bz+n,(m+1)/m)}

pSI
SUPIBI _ | g (»IBL— |
=,I;[,(1+ PR ) |
_ @) _LPD) e D)
—,,ISI,(1+-1:B:(£+") 7 om @t g Sa et )
) L
—exp{glog(l-l-P—Bl—(«f-l'ﬂ)—? p z(E + 29
_ 7

e IGEaLEN 3
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By taking / sufficiently large, we can make

if(#) 1 f%(8) 7 (#)

i
e L R IRV | 1,
since B;—« with /. Then
i(p) 1P, .
(1+—(s+ Rty SGRL R )
if(p) 1 1)
=— ¢+ —— 5 P49+ -
25, E+m 2 B (¢ )
i(#) 1P, :
-3 CR e+ R @)+,
so that

3 log (1+#(5+n)+ )

pS1
_lEtn) < S 1 (41 & S
B EJ » 2 B Ez ?

1 (1f(?)(5+ -] f’(?)(;+n) )
- .?1% o + ..
@)
_iE+nd B+ i@+ S p
B, 2 6 PRV
=)

GIB)E+ 1) — -+ -)?
23?,25: P

and all terms of this expression approach zero except the first two. Conse-
quently" by (S)v

Foee,

lim M{e(t'IBl)((It(m)—Az)E+»(fz(m+l)—Az))} = ()2,

amd ]

"Lemma 1 now follows immediately from the continuity theorem for
Fourier-Stieltjes transforms (see [3, pp. 96-102]).

Now let ®(n) be a posmve function which tends to zero as n—o in such
a way that

1/®(n) = o((log log n)?



452 W. J. LEVEQUE [July

and also
1/®(n) = o(B,).

Let n®®=q,, n(‘"(”””2=[3,.; clearly a,—®, B,—» as n—». Let ai(n),
asx(n), - - -, be the integers whose prime factors are all less than a,, and let
¥(m, n) be the greatest a; which divides m. Let g1, g3, - - -, ¢r, be the primes
less than a,. We have the following lemma.

LEMMA 2. The number of positive inlegers m Sn for which
'l’(m) n) = ax(”)’ ¢(m + lr ”) = a)‘(n)r

where a., ax <P, is zero if (a, a\)>1 or if 2}a.a\ and otherwise is

n Tn 2 1
. 1——) (1+———)l+ol ,
4¢(a.a) :,[_];( g: 2§i§rg'.|a,a)‘ qi(gi — 2) ( 2
where ¢ is Euler's ¢-function.

This is clear if (ay, ax) >1 or 2}a.ax. Hence assume that (a,, @) =1, 2 | aan.
Then there is a unique integer 7o, 0 <7o <a, such that

(6) rora, = — 1 (mod ay).
Let
(7) fo‘lx + 1 - b'

a)

and consider the numbers r of the form

® r=1r0+ ga g=01,2---).
1] 1

9 ot = b + ge..
an

We wish to count the integers m < for which
m = Ra,, m+ 1 = Sa,,

where neither R nor S has any prime factors less than «,. If this is the case,
it must be that

Ra,+ 1 =0 (mod ay),
and R must be of the form of the r of (8). So we consider the numbers r and
(rac+1)/ay, and ask that

ra.+ 1

ax

r % 0 (mod g5, % 0 (mod g (i=1,2-+,T.

From (8) we require then that
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(10) ga # — ro (mod g¢;) (E=1,2.--,Ty),
and from (9)
(11) ga« # — b (mod ¢;) (i=1,2---,T,).

If q,-| ay, (10) holds for every g, by (6); and if q.-[ a,, (11) holds for every g,
by (7). If g;ta, (10) is equivalent to some restriction

g # e (mod ¢5),
and if g;}a., (11) is equivalent to some restriction
g # fi (mod ¢i).

Moreover, e;Zf: (mod ¢;), for if the opposite were the case, we would have a
g’ such that

gaon= —r,(mod ¢;), ga.= — b (modq),

and by (7),
fog=— et
an
glaan = —reac + 1,
— 708 = — roa, + 1,
1=0.

So we must count the integers g such that

(1) 0<gs—-2 (since m = (r0 + gar)a. < n),
a.ax a
) g =0 (mod 1),
gF e, fi(modg) if 1=i= T, qlaan,
®3) g#Eemodg) if 154 T glacngdo,
g# fimodg)  if 1=i= Ty gl gl o

We define Ny(k), 0=<t=T,, to be the number of integers g which satisfy
(1) and (3) (with T, replaced by t) and

) g =1 (mod &),

where 0<I<k, (k, g;)=1fori=1,2, - - -, t. Thus there are N7, (1) integers
of the kind specified in Lemma 2.
We also take, for 0<¢<T,,

) = 11(1- %),

A\ =1 qi
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where
{1 if g;| g,
a; =
2 otherwise;
in particular, @y =1 (an empty product is unity, as usual). Then
n — Q.7 .
No(k) = [—
ka.a

and

Fo(k) =

)
LN

so that
| No(k) = Fo(B)| < 2.

We now apply Theorem A; the following remarks and definitions apply to
the corresponding hypotheses:

(a) We take A =1, Q=2.

(b) We take T= o, f(m)=m, g(m)=1. (We have replaced m by g¢.)
The fixed condition is ’ ~

n
0<gs X(= )
a Q)
(@ Cc=2

® t = w(as) = T, Y = gqr,.

lo
—Qlogx <2 2% _giogx
¢Sz qs gisz (s

logx 1 3
<2( +—+—)<5. ,
x 2

x

S=Z o; log ¢;

(8)

Since the number of o’s which are one is less than log X,

log ¢; loeX  Jog g;
sz2% 89 ) g q
Sz qs i=1 qs
log x loge X 1 3

—3—logz2 X - ————— — —
x logX logX 2

— 2log x

> =2

1 3
>—(2+3+10g2X+1+—2—+7)é—(8+10ng),

so that
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| S| < 8+ logs X.

Take 7=2/3, xo=et%: D* Then x,<ets 1", Assume &(n)> (log: X)3/log X.
Then if x>x, X > X, (that is, n>n,),

8 + logs X < ( log: X )2= log % gz |
2logs X (log %)  (logs x)?
and hence
log «
151 g
for x> x,.

(h) Take v=2/3.

(i) The condition 0.003 eQ log: Y >2 is certainly true for X > X, (that is,
n>ns).

() Take 1 <w<6/5.

(k) We have

117 18
g N ———
logs X ’ log w log, X®

(m) We shall replace # by »; then »=1 (mod 2), »>2.

Since all hypotheses are satisfied, we infer the conclusion of Theorem A,
for »>max (m, n2). In order to obtain an asymptotic expression for N(k),
we must show that, for suitable », w, as n— o,

logy w(x®), W~

eW+2z+2

L -
(27p)2e7(1 — wRe?Q? log? w/4)

.
’

this implies that

e(log w)—1
— 0.
,,1/26-
X VA 4Qe log, Y/3

II. - ————— = o(F«(k));

% (4@ Togs Y/S) o)
this implies that

—(q) Tog )7 = o(F «(k)).

IIL. CY 12102 = o(F (F));

this implies that
: q,:—1+2/(w—1) lOg‘” ,-(X‘b) = O(Ft(k))'
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To satisfy these conditions, we choose
3 {[1/@1/2] if this is odd,
~ 1 + [1/8'2] otherwise

and |
w=1+4 312,
I. We have
e(log w)~1 e(log (1+aV2)) L e@nlﬁb/:) -1 N
yli%e - H-1/2¢07102 < T B2 = P/l T4+ — (),

II. Clearly
X ¢t 2
Ft(k)>—n 1——),
| Jraey g

and it is known that for some constant ¢>0,

¢ 2
II 1——); ‘
q:

i1 (log g.)* .
Hence
F(k) = —mM8—
(k) 2 k®? log’X’
and therefore
= o(F (k).

(P log x)8/3
1IL g1 D) Jogh/? p(X®) < Xo@ V1207 [og 512X

< X% Jogs/2 X = o(X?)

for every 8 >0. Hence this term is also o(F, ,(k)).
Collecting these results, we infer from Theorem A that

N.,(1) < F,(1) + o(F (1)),

and by making an obvious change in the definition of v so as to make it even,
we deduce that ’

N(1) > Fi(1) — o(F (1)),
so that finally .
Nz (1) > Fp, (1) — o(Fr,(1)).
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But

Py = ¥ (1- %) = 11 (1- &

qi GO\ =1 q:

1
IR | <1 - —.)
- H(l _ _) 25iS t,ai=1 qs
20,8\ iz q; (1 2

IT
qs

2SiS t,ai=1
n 4 2 1
D ()
2a.a) =2 ¢i/ 25ist.gila0 g — 2
1
1 ()
2SiSt,q5la,.a) qs
1
1 (l-—)
25iSt,9¢|agay qs

1
- = 14—,
4¢(0xax) ‘-2( qs 25;5}1141‘9‘( + qi(gs — 2))

and putting t=T, we have the lemma.

LEMMA 3. The number y of integers <M divisible by an ai(n) > [, is less
than bM(®(n))V2, where b is an absolute constant. (It follows from this that the
density of integers which are divisible by an ai(n) >, is less than b(P(n))/2.)

This is Lemma 4 of [7].

LEMMA 4. Denote by 1, the number of positive integers m =n for which simul-
taneously

(12) fan(m) < Aa, + 01Ba,,  fan(m + 1) < Aa, + w2Ba,
Then l,=nD(w1)D(w:) +o(n).

Divide the integers m < which satisfy (12) into classes Ey, Ei, Ea,
Eys, Eg, Ey, - - - so that m € E;; if and only if simultaneously

¥(m, n) = ai(n), Y(m+ 1, n) = ain),
and denote by IA] the number of elements of 4. Clearly

=Z|Eii|= > | Es|+ > | Ei;l.
%7

4,716,256 $,§ia;>Pp or a;>Pp

By Lemma 3,
X | Ey| < on(a@m)re,

@i>Pp or 6;>PBs
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and therefore it suffices to show that

Z | E,-,'I = nD(wl)D(wz) + 0(”)

"'i-‘l)sﬂu
as n— o,
By Lemma 2,
n In 2 P(a;, ¢, n)
S |zl =21(1-2) x T
(13) ai,0;56n 4 4/ aiasp.  P(aia;)

bo(ofi(i-2) 5y Fewesn)

in2 4i/ aiase,  $(aia;)
where the dash indicates a summation over the a;, a; satisfying

fa,.(at') < Aa,. + ")lBa,.y fa,.(ai) < Aa,. + wZBa,,y (air a'i) = 1; 2I aiaj,

Posom= I (14—

25iSTp,0ilaia, g:(gs — 2)
Now divide all the positive integers into classes Fy, Fie, - - - such that
mEF;; if and only if Y(m, n) =a;(n), Y(m+1, n)=a;j(n), and let {F;,-} be
the density of F;; Now consider the set ) ’F;; with the dash as before.
Putting /=a, and using Lemma 1 we have that

{ 2°'Fii} = D(w1)D(ws) + o(1)

as n—> o,
Now
(14) JFy= 2 Fi+ X' Fiy
a4,8;28p a;>Py or aj>Py
and by Lemma 3,
15) { = pup <siame
ag>Pp or a;>Py

Furthermore, there are only a finite number of a’s which are less than 8,, and
hence

o= 2 e
a§,0;S B a;,0;36n

But
0 if (a.~, a,-) >1or 2* a;a;,

{Fii} = » ﬁ(1 - —2—)P(a¢. aj, n),

4¢(aia;) 2 f
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and hence
Tn 2 P iy iy
(16) { > F} =_"_H(1___> s Pl oin)
04005580 4 4/ aivaspn  $(aiaj)
Combining (14), (15), and (16) we have
n In 2 P(a;, aj, n)
— II(1 B —> Y ———"— = D(w1)D(ws) + o(1)
4 =2 qi/ ai.ajSB, ¢(a"a’i)

as n— . This and (13) give the lemma.
The remainder of the proof of Theorem 3 is almost identical with §5 of

[7].

From Theorem 3 we get the following corollary.
COROLLARY. The number of positive integers m <n for which
v(m) < log log n + wi(log log n)1/2,
v(m + 1) < log log # + we(log log #)1/?
25 nD(w1) D{(ws) +o(n).

5. Applications. In this section we apply the corollary stated at the end of
§4 to theorems concerning the relative sizes of »(m), v(m+1) and of d(m),
dim+1).

THEOREM 4. Let t,(w) be the number of positive integers m <n for which
v(m) <v(m+1)+w(2 log log n)V2. Then t.(w) =nD(w)+o(n).

Let us put X,(m)=v(m)—log log n/(log log n)'% 1<m=mn, then the
corollary to Theorem 3 can be put in the form

lim,., Prob {X,.(m) <wi; Xo(m+1) <w2} = D(w1)D(ws).
Taking the characteristic functions, we get

lim i i exp (i <E v(m) — logs n n v(m 4+ 1) — log. n))

N 1 mel (logs n)1/2 7 (logs n)1/2

1 © o x2 + y2>
= — e - dxdy.
2 f - f P ( 2 Y
Taking n= —§£, we have

lim —1- i exp (iS vm) — vim + 1))

n—o N m=1 (logz ”)1/2

(17)
1 0 ) 2 + 2
= gf—wf_wexp (i&(x — ¥)) exp (— i > 4 )dxdy.
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We put #(w) =t.(w/2Y2); if

SOy e

n

then

CLaom s DY
ap ey Zew (¢TI - [ e

Comparing (17) and (18), we see that we must write

1 ) 0 2 +
- f_,, f_”exp (it(x — ) exp(— T z)dxdy

f e¥zp(x)dx.

in the form

Obviously

) [ e et =y e (- 32 Ydsy
e 2y o - o
- () o (ies-3)#) |
- ((2: - f_:exp(— %(x’ — 2itx — £7) — %’) dx)2

—_ 2 L] 2
= (%2/—22 exp (— u’/2)du)

= exp (— §?).

Hence we must find a p(x) such that

et = f et2p(x)dx.

Since

(2 l)llzf sy = o0,
L -

we put £=2V2y, x=9/212 and get
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1 © e vi4
B oL
T, —

Hence p(x) =1/2x'%~="4, and
1 @
f e 14dzx,
2712 ) _

which implies that /,(w) =2D(w)+o0(n). This completes the proof.

t' (w)/n—

THEOREM 5. Let r,(w) denote the number of positive integers m<n for which
d(m) < 29(2logs m2g(py 4 1),
Then r,.(w) =nD(w)+o(n).

We make the following definitions:

( ) 3 d(m)zv(m+l)
fm) = Gem+ Dz
g(n) = Q¢(2 log2 n)l/2 ) _(e > 0),

F, = JZJ {0 <m=n;vim) <vim-+ 1) + (w — €)(2 log: n)"’},
Ga=E{0<m= n;f(m) < gm)},
Hy=E {0 <m = n;dim) <20¢Los »d(m + 1)},

p(n) = |Gal.
If m is in both F, and G,,

d(m + 1)2"(mg(n) 13
w (2 logs n)
d(m) = P < dim+ 1)2 \

so that m&H,, and therefore F. .GuCH,. Since | F. | —t,,(w—e) and | H,|
=r,.(w), it follows that

19 tilw — € — (n — p(n)) < 1.(w).
Since d(m)/2*™ =1, we have
d(m)
;‘Ef( m) = — El im’

so that (see [11])
lim sup— Zf(m) < oo,
f—> 0 7 m=1

Consequently p(n)/n—1 as n—», and from (19) we get

.
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(20) t(w — €) — o(n) = r,(w).

Now let F(m) be the number of (not necessarily distinct) prime divisors
of m; it is easy to show that 2™ <d(m) <2Fm, It is known (see [9, Theorem
435)) that there are constants B and C such that

n

> v(m) = nlogs n + Bn + o(n), iF(m) = nlogs n + Cn + o(n).
Maa]l

Ml
Hence if 0(m) = F(m) —v(m),
iie(m) =C — B+ o(1),
7 m=l

so that @(m) has finite mean.
We now put

sa(w) = I é‘ {0 <m < n;v(m) < F(im+ 1) + (2 log; n)!/?} I

= §{0<m§n;v(m) < v(m+ 1)

.

Clearly
(21) 7a(w) < sa(w).

Let
A= E {0 <m < n;600m+ 1) > loga n};

since 6(m) has finite mean, lA,.I =o9(n). Moreover,

g {0 <m=n;vm <vim+1)+ <w +(Z(I'Z_g:z-)lll/;) (2 log, n)llz}

=§{0<m§n;v(m)<v(m+1)

oo + 1 e }
* (w (2 log, n)l/2> (2 logz w)!/%; m € An

+§{O<m§n;v(m)<v(m+l)

6(m + 1) 2.
+ (0 o 2y) QLo m E
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The number of elements in the first of these sets is o(n), and the number of
elements in the second set is £,(w+e€’), where

, logs n

© T Qlogamy
Hence
sa(w) = ta(w + €) + o(n),
and this with (20), (21) gives
ti(w — € — o(n) = 1.(w) = ta(w + €) + o(n).

Since e is arbitrary and ¢’—0 as n— «, we conclude that 7,(w) =n#D(w)+o(n).
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